We describe an algorithm for the generation by computer of regular two-graphs, and using it we discover 136 new regular two-graphs on 36 vertices, bringing the present known total of such regular two-graphs to 227. An analysis of the results obtained shows that many of these new regular two-graphs, and some of those that were already known, are related and can be generated in a certain way from just three of them. The same algorithm was used to search for regular two-graphs on 30 vertices and confirmed that the six found by Arlasarov in the mid 1970s and later by Bussemaker, Mathon, and Seidel, constitute the complete set. Each regular two-graph on 36 vertices gives rise to a Hadamard matrix of order 36 which may yield as many as 36' = 1296 pairwise nonisomorphic Hadamard 2- (35,17,8) designs. Using the computer we discovered that the 227 regular two-graphs on 36 vertices determine 180 painvise nonisomorphic Hadamard matrices, and when these were analyzed for
INTRODUCTION
The idea of a regular two-graph was first proposed by G. Higman in 1970, and his work was followed later by that of Taylor [I2] . There turned out to be a strong relationship with the switching of graphs [4] and we suppose it was at this point that J. J. S ei e made his first contribution to the theory that was to d 1 LINEAR ALGEBRA AND ITS APPLICATIONS 226-228:459-497 (1995) A bar over N(n) indicates that the classification is complete.
A descendant of a regular two-graph is a strongly regular graph, and in the switching class of the regular two-graph there may be other strongly regular graphs. In the case n = 36, which is the one of most interest here, we Here p,,, pi, and pz are the eigenvalues of the T 1 adjacency matrix of the strongly regular graph. The 91 regular two-graphs on 36 vertices were constructed using the 80 nonisomorphic Steiner triple systems on 15 points and the 12 nonisomorphic transversal designs TD (3, 6) . See [2] for the full details. However, in our analysis of these 91 regular two-graphs, which was carried out in the wider context of the further 136 that we have found, we discovered an error in [2] . The regular two-graph numbered 27 in [2] (number 167 in our listing in the Appendix) has associated with it 332 strongly regular (36,5,5, -7) graph s, not the 352 claimed in [2] . Since they all have trivial automorphism group, this has the effect of amending the above In Section 2 we describe an algorithm based on backtracking, for the computer generation of regular two-graphs. A computer program based on this algorithm was written in C and implemented on a DEC alpha 3000 work station. In this case n = 30 the exhaustive search was completed in a relatively short time (around 17 h) and indicated that N(30) = 6. This result was also independently obtained by F. C. Bussemaker using a different algorithm. Such is the advance in computer hardware and software over the last 20 years that we are now able to complete the exhaustive search, whereas
Arlasarov had to be content with the estimate N(30) > 6 because his program failed to reach a conclusion [131.
When n = 36, however, even the DEC alpha could not complete the Fuller details of the regular two-graphs and these associated strongly regular graphs are given in the Appendix.
It is a consequence of a result in [3] that the nonisomorphic strongly regular graphs with trivial automorphism group cited in the table above are all nonisomorphic when considered as designs, the corresponding design parameters being 2- (36,15,6), 2-(36,21,12) , and 2-(35,18,9>. We have thus shown that there exist at least 25,634 nonisomorphic 2- (36, 15, 6) designs and at least 2240 nonisomorphic 2- (35, 18, 9) designs. However, in the latter case much more can be said. The adjacency matrix of any regular two-graph on 36
vertices can be transformed into a Hadamard matrix by replacing the diagonal entries by 1s. "Normalizing" such a Hadamard matrix with respect to each row and column can yield as many as 36' = 1296 painvise nonisomorphic
Hadamard 2- (35,17,8> design s, or equivalently, 2-(35,18,9) designs. It turns out that the 227 regular two-graphs that were found correspond to 180 pairwise nonisomorphic Hadamard matrices, and these Hadamard matrices, when examined, revealed 108,131 pairwise nonisomorphic 2-(35, 18,9) designs.
In Section 3 we analyze further the results obtained and discover that many of the new regular two-graphs, and indeed some of the ones that were already known, are related in a simple way and can be generated from just three of them.
TWO-GRAPHS, SWITCHING CLASSES, AND STRONGLY REGULAR GRAPHS
A two-graph is a pair (0, A>, where R is a finite set (the vertex set) and
A is a collection of triples {wi, we, w,} of distinct vertices wi, w2, ws E R, with the property that any 4-subset of fi contains an even number of triples of A. In a regular two-graph, each pair of vertices is in a constant number of the triples of A. A simple graph (0, E) yields a two-graph by the following method. The triples of A are precisely the triples of vertices of R that carry an odd number of edges. Associated with a two-graph is a class of graphs, called the switching ckz.ss of the two-graph. We refer the reader to [6] and [lo] for the details as to how this is done in terms of the triples of R. For our purposes it is enough to consider a switching class of graphs as an equivalence class under the relation of switching on the set of all (simple) graphs r(fl, E) with vertex set R and edge set E. DEFINITION 2.1.
Let A and B be the T 1 adjacency matrices of two graphs Ii and F, on the same vertex set 0. Then I1 and Tz are said to be switching equivalent if there exists a diagonal matrix D with entries + 1 such that DAD = B.
Since switching equivalent graphs give rise to the same two-graph by the construction outlined above, we can identify any two-graph with a switching class of graphs. Moreover, since switching equivalent graphs clearly have the same Seidel spectrum (the eigenvalues of the T 1 adjacency matrix), we can define the spectrum of a two-graph as the Seidel spectrum of any one of the graphs in its switching class. In this context, it can be shown that a two-graph is regular if and only if it has precisely two eigenvalues (see [6] for the details).
We suppose therefore that (0, A) is a regular two-graph with eigenvalues pi and pz, where pi > pz, say, and that 1 RI = v. Then the adjacency matrix C of any graph in its switching class satisfies (C -p,Z)(C -pzZ) = 0.
There are restrictions on pr, pz that come from the fact that tr(C> = 0, namely, that pr p2 = I -v and if pr + pz z 0, then pr and pz are odd integers. If pr -I-pz = 0, then o = 2 mod 4, t, -1 is a sum of squares of integers, and pr = -pz = Jm, which may or may not be integral. Again see [6] for the details.
Corresponding to each o E KI there is in the switching class of (R, A) a graph that has w as an isolated vertex. Deleting this vertex gives a graph on 't, -1 vertices, called a descendant of (a, A). Clearly there are at most u nonisomorphic descendants of (a, A). It is easy to see that every descendant is strongly regular with T 1 adjacency matrix B say, satisfying (B -P,Z)(B -PZZ) = -I> Bj = ( p1 + P& where, as usual, J and j are the all-one matrix and all-one vector, respectively. Thus any descendant has the eigenvalue p. = p1 + pz in addition to p1 and pz which it inherits from the regular two-graph. The reader is reminded that a graph on u vertices and of degree k is strongly regular if there exist integers A and /.L such that each pair of adjacent (nonadjacent) vertices has A ( Z-L) common neighbors. It takes but a moment to verify that in the above case the parameters satisfy the condition k = 2~. There is a converse to this result. Any strongly regular graph in which k = ~Z_L gives rise to a regular two-graph when an isolated vertex is adjoined [I2] .
There is another way that a regular two-graph may give rise to strongly regular graphs and that is by switching. It can happen that the switching class of a regular two-graph itself contains regular graphs, in which case their T 1 adjacency matrix A must satisfy
Thus A is the adjacency matrix of a strongly regular graph. In this paper the only strongly regular graphs we consider are those derived from regular two-graphs by the methods described, and for this reason we shall refer to their parameters in the form (u, po, pl, pz>, where p1 > p2 are the eigenvalues of the regular two-graph and p,, = p1 or p,, = pz.
When n = 36, we have p1 p2 = -35, so by considering the complement of the regular two-graph if necessary, we may assume that p1 = 5 and pz = -7. From this it follows that every descendant is a (35, -2,5, -7) strongly regular graph, and that a strongly regular graph in the switching class would have parameters (36,5,5, -7) or (36, -7,5, -7) and have adjacency matrix A such that A + Z is a regular symmetric Hadamard matrix of order 36 with constant diagonal I. That A + Z is regular comes from (A + Z>j = f6j. Thus the classification of these strongly regular graphs is equivalent to the classification of all regular symmetric Hadamard matrices of order 36 with constant diagonal.
It is clear that a regular two-graph is determined by any one of its descendants, for all we have to do is to adjoin an isolated vertex. Thus to determine the regular two-graphs on 36 vertices, we need only consider finding strongly regular graphs with parameters (35, -2,5, -7). The (0, 1) adjacency matrix C of such a graph satisfies c2 = 91+ 91, Cj = 18j.
(24
To shorten our computer search, we have to try to avoid finding two such graphs that are descendants of the same regular two-graph. This is done by gearing our algorithm (as far as we can) to determine just one of the descendants, the one which is in a sense "the greatest." where S, is the group of permutation matrices of order v. We then identify the two-graph with that descendant that has the greatest standard form amongst all the descendants. We now give a brief description as to how we attempted to determine the regular two-graphs on 36 (and 30) vertices using a backtracking search and the ideas just outlined. The algorithm was successful in classifying those regular two-graphs with at most 30 vertices, but, as was mentioned in the Introduction, it has so far proved to be impossible to complete the search in the case IZ = 36. In what follows we shall assume that v = 35, k = 18, and A = Al. = 9, but the ideas involved still hold in all cases where k = 2~. The aim is to find the standard form in the shape of a symmetric (0,l) matrix C of order u satisfying (2.1). The first simplification is to observe that we may assume that the first two rows of C have the form 01111111111111111110000000000000000 10111111111000000001111111100000000 (2.2) with a corresponding assumption about the first two columns. We then attempt to build rows 3 to v, one entry at a time, until the whole matrix is completed. Thus our regular two-graphs are generated one after the other in lexicographical order. One major problem when considering such searches is that we have to ensure, as far as economically possible, that we do not go down a path of the search tree that will either lead nowhere or will encounter an isomorphic copy of a graph already found. The first of these problems we meet mainly when attempting to complete a row of the adjacency matrix, while the latter is dealt with, by and large, when a row has been completed.
To explain how these problems are tackled, we suppose first that the adjacency matrix C has been found as far as the rth row: In building the rth row we had to bear in mind that its weight should be The above tests were incorporated into a procedure written in C that was run at various times on DEC alpha 3000 and HP 710 workstations. It took only a few seconds to find the regular two-graphs on less than 26 vertices, the ones on 26 vertices took about 2 min, and, as mentioned earlier, the regular two-graphs on 30 vertices took about 17 h to find. Although the search in the case n = 36 is incomplete, there are only a few gaps left to be filled (possibly). Initially, many new two-graphs were found very quickly-to be precise, I83 were generated in a few hours. We took these and merged them in lexicographical order into a list together with the 91 graphs found in [2] to give a total of 227 regular two-graphs. At this moment our search is somewhere between numbers 225 and 226; no further two-graphs have been found.
CHARACTERIZATION
The result of the computer search is that so far there have been found 136 new regular two-graphs on 36 vertices. Since one of these has a large automorphism group (of order 23,040) and only two orbits of points (of sizes 16 and 20>, it is perhaps surprising that it had not previously been found. This two-graph, in common with many of the others, has a particular shape which was also a feature of some of those listed in [2] . It was this observation, made initially by Bussemaker [l] , and the efforts of Seidel to reconstruct the two-graph (without the computer!) [9] , that led the author to the first theorem of this section.
Let P be a symmetric conference matrix of order 10, so that P2 = 91. Then P is the T 1 adjacency matrix of the Petersen graph and Pj = 3j. Put designs. We have used these three designs and have identified the 100 nonisomorphic regular two-graphs that can be constructed from them by the method just described. Details are given in the Appendix.
There is another more general method which can be used to construct "new from old," a variation of which was used in [ll] to generate many symmetric 2-(40,13,4) design s f rom (40,12,2,4) strongly regular graphs.
Let f+ be a regular two-graph on v vertices and let C be the T 1 adjacency matrix of a graph in its switching class. Then, as before,
Then K is symmetric, has constant diagonal, and has eigenvalues fm. Suppose now that A is a principal submatrix of K (of any size) and that K is partitioned according to so that First, let p be an eigenvalue of B, so that Bx = px for some nonzero vector x. From (3.2) it follows that ANx = -PNx and llNx1)' = xtN"Nx = xt(m2Z -B2)x = (m2 -~2)~~x~~2. Thus if p = fm, then Nx = 0, so that Zx = 0. On the other hand, if p # + m, then Nx # 0 and we see that -/3 is an eigenvalue of A (of the same multiplicity as the multiplicity of p as an eigenvalue of B). Since Q commutes with A', we readily obtain AZ = ZB, which shows that AZx = PZx. Since p and -p cannot both be eigenvalues of A, we deduce that Zx = 0 for all eigenvectors x corresponding to the eigenvalue p (Z +m) of B. The result stated now follows immediately. W Using this theorem, not only do we discover the relationships between the two-graphs constructed by Theorem 3.2, but also we find others that are connected.
For example, the two-graphs in the Appendix numbered 45 and 70 can be constructed from number 42 using Theorem 3.3 by taking a suitable principal submatrix of K of order 18.
The condition that not both (Y and -(Y be eigenvalues of A ((Y z f ml is sufficient to ensure that KG = m21, but not necessary. We have discovered in the case of the two-graph number 42 referred to above that it has, in its symmetric Hadamard matrix form, a principal submatrix A of order 20 that does not satisfy this condition, but for which there exist permutation matrices Q such that, in the notation of Theorem 3.3, ( AQ -QA)N = 0. As a result we discover that the two-graphs numbered 10, 46, 58, and 59 are all constructible from number 42. At this stage we have not fully investigated such relationships that other two-graphs may have; we leave this for a future project.
Results similar to Theorem 3.3 hold for strongly regular graphs and symmetric designs hating a polarity. We outline the proof in the former case, the latter being similar.
Let C be the (0, 1) adjacency matrix of a strongly regular graph with
If we write C' = C -((A -~)/2)1, then C'" can be written as a linear combination. of Z and J, say, cr2 = yz + p]. there is a switching of the rows and columns that transforms the chosen column into the all-one vector and produces a k 1 matrix whose rows and columns can be permuted into those of [C j]. Let G, denote the group of 10 X 10 diagonal + 1 matrices that comprises the row switchings. It has order 16, clearly. The conference matrix P of Theorems 3.1 and 3.2 is unique and it too has switchings of its rows and columns that produce an isomorphic copy. We denote the group of column switchings that perform this by G,. we may assume that C is obtained from (the f 1 form of) one of the matrices a, b, or c by permuting its rows by a permutation matrix, Q, say. As a simplification, we may assume that Q is a representative of the double cosets of Aut(P)S,, Aut(C) in S,,, the group of all permutation matrices of order 10. We used GAP to determine these and so reduce the computational time involved. The net result was that the designs a, b, and c produced 42, 42, and 20 nonisomorphic regular two-graphs, respectively. There was, however, some duplication among the two-graphs from each set. In total 100 noniso- ,l61 12,121 [5,61 [2,41 [l,31 [7,21 12911 (36,21,12) (35,13,9) 14 [4,41 [4,21 [6,l] Orbits 2446 (36, 15, 6) (35,lB,9) 10 [2,41 [8,21 Orbits 2248 (36,15,6) 84 [4,4] 
